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Dedicated to the 60th anniversary of the founding of IMPA.
Abstract. In this paper we give an overview of some aspects of the
min-max theory of minimal surfaces, and discuss recent applications to
conformally invariant problems in Geometry and Topology. The goal is
to explain what the proofs of the Willmore conjecture for surfaces and
the Freedman-He-Wang conjecture for links share in common. This is
based on joint work of the authors [19] and on joint work of I. Agol and
the authors [1].
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1. Introduction
Minimal surfaces are among the most natural objects in Differential Ge-
ometry, and have been studied for the past 250 years since the pioneering
work of Lagrange (1762). They are defined as surfaces that locally min-
imize the area, a variational principle satisfied precisely by surfaces with
zero mean curvature. In this paper we give an overview of some min-max
aspects of the theory and discuss recent applications to conformally invari-
ant problems in geometry and topology. The goal is to explain what the
proofs of the Willmore conjecture for surfaces and the Freedman-He-Wang
conjecture for links share in common.
The problem of finding a closed embedded minimal surface in a compact
Riemannian three-manifold is considerably difficult. One of the reasons is
that in general these surfaces are not (globally) area-minimizing. They are
critical points of the area functional, but usually admit ambient deforma-
tions that can decrease their area.
The first author was partly supported by CNPq-Brazil and FAPERJ. The second author
was partly supported by Marie Curie IRG Grant and ERC Start Grant.
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The idea of producing minimal surfaces by min-max methods has its roots
in the work of Birkhoff [5], who studied the problem of existence of closed
geodesics in Riemannian 2-spheres. The case of convex surfaces had been
previously studied by Poincare´ [20] (see also [8]). Birkhoff’s ideas were later
refined and extended, leading to the celebrated theorems by Lyusternik and
Schnirelmann [17] (existence of three closed geodesics in any Riemannian
two-sphere) and by Lyusternik and Fet [16] (existence of a closed geodesic
in any compact Riemannian manifold).
The first steps to attack the problem of existence of higher-dimensional
minimal submanifolds were taken by Almgren ([2], [3]). He invented the
notion of varifolds for that purpose, and developed a general scheme to pro-
duce minimal varieties in Riemannian manifolds. He left open the question
of regularity of these objects, a problem that was tackled later by his Ph.D.
student Jon Pitts [21] in the important case of codimension one. Their com-
bined works form what we refer to as the Almgren-Pitts min-max theory,
whose basic application up until very recently was the following theorem:
1.1. Theorem. (Pitts’ 81, [21]) Let (Mn, g) be an n-dimensional compact
Riemannian manifold, with 3 ≤ n ≤ 6. Then there exists a smooth, embed-
ded, closed minimal hypersurface
Σn−1 ⊂M.
1.2. Remark. The restriction to dimensions n ≤ 6 in the previous theorem
is not necessary if we allow Σ to have a singular set of codimension 7, as it
was later shown in [26].
We now describe, in an informal way, the min-max procedure used to
construct the minimal hypersurface Σ when n = 3. For a detailed account
of the min-max theory in this setting one can read [7].
Consider the class Π1 of all nontrivial sweepouts {Σ(t)}t∈[0,1] of M3 by
closed surfaces. (The word surface has to be understood in a more general
sense). In general, if one can write Σ(t) = ∂Ω(t), with Ω(t) ⊂M , Ω(0) = ∅,
in a continuous fashion, we say the sweepout {Σ(t)} is nontrivial if Ω(1) =
M. A good example of a nontrivial sweepout is obtained by choosing a Morse
function f : M → R with f(M) = [0, 1], and defining
Σ(t) = {x ∈M : f(x) = t}.
The idea then is to try to minimize the largest area among the surfaces
of a sweepout over all sweepouts in Π1. This leads to the notion of width:
W (Π1) = inf{Σ(t)}∈Π1
sup
t∈[0,1]
area(Σ(t)).
The minimal surface Σ of Theorem 1.1 is constructed so to satisfy
area(Σ) = W (Π1).
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In some specific examples it is possible to determine which minimal surface
is obtained, but in general this is a difficult problem. For instance, it is
expected that if we replace the one-dimensional sweepouts by k-parameter
families of surfaces then the Morse index of the minmax minimal surface
should be bounded above by k. (See [18] and [32] for the particular case
of positive Ricci curvature and k = 1.) Although the Almgren-Pitts theory
successfully applies to any number of parameters, the general bound on the
index is not known.
If the ambient manifold is the three-dimensional unit sphere S3 endowed
with its canonical metric g, then the minimal surface produced by min-max
over Π1 is, modulo ambient isometries, the equator
Σ = S3 ∩ {x4 = 0}.
Indeed, the standard sweepout Σ0(t) = {x4 = 2t− 1}, t ∈ [0, 1], satisfies
sup
t∈[0,1]
area(Σ0(t)) = 4pi,
telling us that W (Π1) ≤ 4pi. Since the great spheres are the only minimal
surfaces of S3 with area less than or equal to 4pi and W (Π1) > 0 by [2],
the above claim follows. Notice that this is consistent with the fact that the
Morse index of the equator is 1.
In order to be more precise, we need the language of geometric measure
theory where smooth submanifolds are replaced by integral currents (see
[27]). For an intuitive grasp of the ideas here described, though, it is enough
to think of currents as oriented submanifolds of class C1 with integer mul-
tiplicities.
Given a compact Riemannian three-manifold (M3, g), we denote the space
of integral two-currents with boundary zero in M by Z2(M3), and the space
of integral three-currents in M by I3(M).
A sweepout of M is a map Φ : I → Z2(M), with Φ(0) = Φ(1) = 0,
continuous in the flat topology (i.e., in the sense of currents). From [2] this
means that there exists Ω : I → I3(M), continuous in the mass norm, such
that Ω(0) = 0 and ∂Ω(t) = Σ(t) for each t ∈ [0, 1]. If we think of Ω(t) as
domains of M , continuity in the mass norm means that
lim
t→t0
vol(Ω(t) ∆ Ω(t0)) = 0
for every t0 ∈ [0, 1]. Recall that X ∆Y = (X \ Y ) ∪ (Y \ X) denotes the
symmetric difference between the sets X and Y .
Since ∂Ω(1) = 0, we must have Ω(1) = k · M for some k ∈ Z by the
Constancy Theorem [27]. The sweepout Φ : I → Z2(M) is said to be
nontrivial if k 6= 0. The fact that the sweepouts used in the min-max
procedure are nontrivial is important to guarantee that W (Π1) > 0.
The next theorem follows from the previous discussion:
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1.3. 4pi Theorem. Let Φ : I → Z2(S3) be a nontrivial sweepout of S3.
Then there exists y ∈ [0, 1] such that
area(Φ(y)) ≥ 4pi.
There are infinitely many closed minimal surfaces in S3 (Lawson [14]).
Among those, the simplest one after the equator is the Clifford torus
Σˆ = S1(
1√
2
)× S1( 1√
2
).
This minimal surface has area 2pi2, index 5, and, in fact, can be characterized
by its index.
1.4. Theorem. (Urbano’ 90 [30]) Let Σ ⊂ S3 be a smooth, closed minimal
surface with index(Σ) ≤ 5. Then Σ is either a great sphere or the Clifford
torus, up to ambient isometries.
We have seen that the great sphere can appear as a minmax minimal
surface. The question we posed ourselves, and that it turned out to be key
to the solution of well-known global problems in conformal geometry such
as the Willmore conjecture, was the following:
Question: Is it possible to produce the Clifford torus by min-max meth-
ods?
We have answered this question affirmatively by finding a natural class
of five-parameter families of surfaces in S3. Very briefly, to each embed-
ded closed surface Σ in S3 of genus g, we associate a specific continuous
5-parameter family of surfaces in S3. (See Section 3 for details). Every
surface in the family is the equidistant surface of some conformal image of
Σ. This family is parametrized by a map Φ defined on the 5-cube I5, and
is constructed so that
(1) Φ(x, 0) = Φ(x, 1) = 0 (trivial surface) for any x ∈ I4,
(2) {Φ(x, t)}t∈[0,1] is the standard sweepout of S3 by oriented round
spheres centered at Q(x) ∈ S3, for any x ∈ ∂I4,
(3) Φ(x, 1/2) = ∂Bpi/2(Q(x)), for any x ∈ ∂I4,
(4) there is no concentration of area:
lim
r→0
sup
{
area(Φ(x) ∩Br(p)) : p ∈ S3, x ∈ I5
}
= 0.
The main topological ingredient comes from the discovery that the degree
of the center map Q : ∂I4 → S3 is equal to the genus g of Σ. Therefore, if
g ≥ 1, this map Φ has the crucial property that its restriction to ∂I4×{1/2}
is a homotopically nontrivial map into the space of oriented great spheres,
which is homeomorphic to S3.
The min-max theory developed in [19] implies:
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1.5. 2pi2 Theorem. ([19]) Let Φ : I5 → Z2(S3) be a continuous map in
the flat topology satisfying the properties (1)-(4) above, with center map
Q : ∂I4 → S3. If deg(Q) 6= 0, then there must exist y ∈ I5 with
area(Φ(y)) ≥ 2pi2.
Let us now describe the applications to conformal geometry, the first
being a solution to the Willmore conjecture. The Willmore energy of a
closed surface Σ immersed in Euclidean three-space is the total integral of
the square of the mean curvature:
W(Σ) =
∫
Σ
H2dΣ.
It was already known to Blaschke [6] and Thomsen [29] in the 1920s that
this energy is conformally invariant, i.e., W(F (Σ)) = W(Σ) for any F ∈
Conf(R3). The Willmore energy also appears naturally in some physical
contexts as the bending energy of elastic membranes ([22], [10], [12]).
In the 1960s, Willmore proved the following result:
1.6. Theorem. (Willmore) Let Σ be a smooth closed surface in R3. Then
W(Σ) ≥ 4pi, and equality holds if and only if Σ is a round sphere.
Hence in some sense the Willmore energy measures the deviation of a
given surface from being round. It is then natural to ask what is the optimal
shape among all surfaces of some fixed topological type. Motivated by the
analysis of circular tori of revolution, Willmore made a conjecture for the
case of genus one:
1.7. Willmore Conjecture (1965, [31]). The integral of the square of the
mean curvature of a torus immersed in R3 is at least 2pi2.
The equality is achieved by the torus of revolution whose generating circle
has radius 1 and center at distance
√
2 from the axis of revolution:
(u, v) 7→ ((√2 + cos u) cos v, (√2 + cos u) sin v, sin u) ∈ R3.
This torus can also be seen as a stereographic projection of the Clifford
torus S1( 1√
2
)×S1( 1√
2
) ⊂ S3. In fact, since a stereographic projection pi : S3\
{p} → R3 is a conformal map, the conjecture can be formulated equivalently
for surfaces in the three-sphere. Given Σ ⊂ S3 \ {p}, we have
(1)
∫
Σ˜
H˜2dΣ˜ =
∫
Σ
(1 +H2)dΣ
where H and H˜ are the mean curvature functions of Σ ⊂ S3 and Σ˜ = pi(Σ) ⊂
R3, respectively.
Therefore we make the following definition:
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1.8. Definition. The Willmore energy of a closed surface Σ ⊂ S3 is the
quantity:
W(Σ) =
∫
Σ
(1 +H2) dΣ.
Here H denotes the mean curvature of Σ, i.e., H = k1+k22 where k1 and k2
are the principal curvatures.
The conjecture had been verified in many special cases. We refer the
reader to [19] for the long history of partial results. In particular, it was
proven by Li and Yau [15] through conformal invariance that the Willmore
energy of any non-embedded surface must be at least 8pi (which is strictly
bigger than 2pi2).
The Willmore conjecture then follows as a consequence of the next theo-
rem, proven by the present authors in [19]:
Theorem 1. ([19]) Let Σ ⊂ S3 be an embedded, smooth closed surface of
genus g ≥ 1. Then
W(Σ) ≥ 2pi2,
and the equality holds if and only if Σ is the Clifford torus up to conformal
transformations of S3.
The proof of Theorem 1 is based on the construction, for each embedded
closed surface Σ of genus g ≥ 1 in R3, of a suitable family Φ : I5 → Z2(S3)
that satisfies the assumptions of the 2pi2 Theorem with deg(Q) = g and
so area(Φ(y)) ≥ 2pi2 for some y ∈ I5. The family is constructed so that
area(Φ(x)) ≤ W(Σ) for each x ∈ I5 and this implies the theorem.
The second application comes from the theory of links in R3. Let γi :
S1 → R3, i = 1, 2, be a 2-component link, i.e., a pair of closed curves in
Euclidean three-space with γ1(S
1) ∩ γ2(S1) = ∅. The Mo¨bius cross energy
of the link (γ1, γ2) is defined by
E(γ1, γ2) =
∫
S1×S1
|γ′1(s)||γ′2(t)|
|γ1(s)− γ2(t)|2 ds dt.
Like the Willmore energy, the Mo¨bius energy has the remarkable property
of being invariant under conformal transformations of R3 [9]. In the case of
knots other energies were considered by O’Hara [23].
Because of Gauss formula for the linking number lk(γ1, γ2):
lk(γ1, γ2) =
1
4pi
∫
S1×S1
det(γ′1(s), γ′2(t), γ1(s)− γ2(t))
|γ1(s)− γ2(t)|3 ds dt,
we immediately get that E(γ1, γ2) ≥ 4pi|lk(γ1, γ2)|. It is natural to search
for optimal configurations, i.e., minimizers of the Mo¨bius energy.
It was conjectured by Freedman, He and Wang [9], in 1994, that the
Mo¨bius energy should be minimized, among the class of all nontrivial links in
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R3, by the stereographic projection of the standard Hopf link. The standard
Hopf link (γˆ1, γˆ2) is described by
γˆ1(s) = (cos s, sin s, 0, 0) ∈ S3 and γˆ2(t) = (0, 0, cos t, sin t) ∈ S3,
and it is simple to check that E(γˆ1, γˆ2) = 2pi
2. Note that the definition of
the energy and its conformal invariance property extend to any 2-component
link in Rn [13]. It follows from a result of He [11] that it suffices to prove
the conjecture for links (γ1, γ2) with linking number lk(γ1, γ2) = ±1. This
is what I. Agol and the present authors prove in [1]:
Theorem 2. ([1]) Let γi : S
1 → R3, i = 1, 2, be a 2-component link in R3
with |lk(γ1, γ2)| = 1. Then E(γ1, γ2) ≥ 2pi2.
Moreover, if E(γ1, γ2) = 2pi
2 then there exists a conformal map F : R4 →
R4 such that (F◦γ1, F◦γ2) describes the standard Hopf link up to orientation.
The proof of Theorem 2 is based on the construction, for each link in R3
with |lk(γ1, γ2)| = 1, of a suitable family Φ : I5 → Z2(S3) that satisfies the
assumptions of the 2pi2 Theorem with deg(Q) = ±1 and so area(Φ(y)) ≥ 2pi2
for some y ∈ I5. The family is constructed so that area(Φ(x)) ≤ E(γ1, γ2)
for each x ∈ I5 and this implies the theorem.
This paper is organized as follows. In Section 2 we discuss the proof of
the 2pi2 Theorem by min-max methods. In Section 3 we describe the 5-
parameter family of surfaces in S3 associated with the Willmore problem.
In Section 4 we describe the 5-parameter family of surfaces in S3 associated
with the Mo¨bius problem.
2. The 2pi2 Theorem
Let (M3, g) be a compact Riemannian manifold. Let In = [0, 1]n, and
suppose we have a continuous map Φ defined on In such that Φ(x) is a
compact surface with no boundary in M for each x ∈ In. More precisely,
let Φ : In → Z2(M3) be a map continuous in the flat topology. We denote
by Π the set of all maps Φ′ : In → Z2(M3) that are homotopic to Φ relative
to the boundary ∂In. This means that there exists a homotopy Ψ : In+1 →
Z2(M3) such that:
• Ψ is continuous in the flat topology;
• Ψ(0, x) = Φ(x) and Ψ(1, x) = Φ′(x) for each x ∈ In;
• Ψ(t, x) = Φ(x) = Φ′(x) for every t ∈ I, x ∈ ∂In.
The width of Π is then defined to be the min-max invariant:
L(Π) = inf
Φ′∈Π
sup
x∈In
area(Φ′(x)).
We also say that a sequence {Φi} of maps in Π is an optimal sequence if
lim
i→∞
sup
x∈In
area(Φi(x)) = L(Π).
The main goal of the Almgren-Pitts min-max theory is to realize the
width as the area of a minimal surface. The prototypical theorem is:
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Min-Max Theorem. If
L(Π) > sup
x∈∂In
area(Φ(x)),
then there exists a smooth embedded closed minimal surface Σ ⊂M (possibly
disconnected, with multiplicities) such that
area(Σ) = L(Π).
Moreover, if {Φi} is an optimal sequence then, after passing to a subsequence
{Φj}, we can choose Σ to be the varifold limit, as j → ∞, of Φj(xj) for
some xj ∈ In. The mass functional is not continuous in the flat topology.
This is because integral currents are oriented objects subject to the well-
known phenomenon of cancellation of mass. Therefore it is natural to require
stronger continuity assumptions on the map Φ : In → Z2(M3). For instance,
we can ask that Φ be also continuous in varifold sense or even continuous
with respect to the mass norm. On the other hand, the families that are
important in the applications are only continuous in the flat topology. These
issues are dealt with by approximation arguments (see Subsection 2.2 for
some comments about that).
2.1. 2pi2 Theorem. ([19]) Let Φ : I5 → Z2(S3) be a continuous map in the
flat topology satisfying the properties:
(1) Φ(x, 0) = Φ(x, 1) = 0 for any x ∈ I4,
(2) {Φ(x, t)}t∈[0,1] is the standard sweepout of S3 by oriented round spheres
centered at Q(x) ∈ S3, for any x ∈ ∂I4,
(3) Φ(x, 1/2) = ∂Bpi/2(Q(x)), for any x ∈ ∂I4,
(4) there is no concentration of area:
lim
r→0
sup
{
area(Φ(x) ∩Br(p)) : p ∈ S3, x ∈ I5
}
= 0.
If deg(Q) 6= 0, then there must exist y ∈ I5 with
area(Φ(y)) ≥ 2pi2.
Sketch of proof. The condition (4) is technical and it is used in [19] only to
guarantee that we can pass to the discrete setting of Almgren and Pitts (see
Subsection 2.2).
Let Π be the homotopy class of Φ with fixed boundary values. The
theorem is proved once we establish that L(Π) ≥ 2pi2.
The first important step is to prove that L(Φ) > 4pi. Suppose this is false.
Then L(Π) = 4pi, and there exists a sequence of maps {φi}i∈N in Π (hence
φi = Φ on ∂I
5) such that
sup
x∈I5
area(φi(x)) ≤ 4pi + 1
i
.
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Note that, for any sequence of paths
γi : [0, 1]→ I5 with γi(0) ∈ I4 × {0}, γi(1) ∈ I4 × {1},
the sweepouts {φi◦γi} of S3 form an optimal sequence for the one-dimensional
homotopy class Π1. The Min-max Theorem applied to Π1 implies that, after
passing to a subsequence {φj ◦γj}, we can find tj ∈ I such that the surfaces
φj(γj(tj)) converge to some great sphere.
We denote by T the space of great spheres. Then we look at the set A(i)
of all x ∈ I5 such that the distance of the surface φi(x) to T (in varifold
sense) is at least ε, where ε > 0 is small to be chosen later. We define A(i)
to be the connected component of A(i) that contains I4 × {0}.
We claim that the 5-dimensional region A(i) does not intersect I4 × {1}
if i is sufficiently large. If this were false, we could find, after passing to
a subsequence, a sequence of continuous paths γj connecting the bottom
to the top of the cube with γj(I) ⊂ A(j). This is not possible because by
definition no surface in A(j) is ever too close to a great sphere in T .
Let R(i) be the closure of ∂A(i)∩ int(I5), and let C(i) = ∂A(i)∩(∂I4×I).
Since ∂A(i) has no boundary, we get that
∂C(i) = ∂R(i) ∪ ∂(I4 × {0}).
Therefore we have that ∂R(i) is homologous to ∂I4 × {0} in ∂I4 × I. Con-
sequently, ∂R(i) is also homologous to ∂I4 × {1/2} in ∂I4 × I.
We have accomplished the construction, for sufficiently large i, of a 4-
dimensional submanifold R(i) ⊂ I5 with the properties:
• R(i) separates I4 × {0} from I4 × {1},
• ∂R(i) ⊂ ∂I4 × I,
• ∂R(i) is homologous to ∂I4 × {1/2} in ∂I4 × I,
• for every x ∈ R(i), the surface φi(x) is ε-close, in varifold sense, to
some great sphere in T .
Note that the second and fourth properties also imply that every point in
∂R(i) is very close to ∂I4 × {1/2}.
If ε is chosen sufficiently small, and if we forget the orientations, we can
approximate the restriction of φi to R(i) by a continuous function
fi : R(i)→ T such that fi(x, t) = Φ(x, 1/2) for (x, t) ∈ ∂R(i).
Now let Φˆ : ∂I4 × I → T be given by Φˆ(x, t) = Φ(x, 1/2) ∈ T . Then, in
homology,
Φˆ∗[∂R(i)] = fi∗[∂R(i)] = [fi#∂(R(i))] = [∂fi#(R(i))] = 0.
On the other hand, since ∂R(i) is homologous to ∂I4 × {1/2} in ∂I4 × I,
Φˆ∗[∂R(i)] = Φˆ∗[∂I4×{1/2}] = Φ∗([∂I4×{1/2}]) = 2 deg(Q) ∈ H3(RP3,Z).
We have reached a contradiction if deg(Q) 6= 0, hence L(Π) > 4pi.
We claim that, in fact, L(Π) ≥ 2pi2. This is proven by looking at Σ,
the minimal surface with least area among all minimal surfaces in S3 with
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genus greater than or equal to 1. (The existence of Σ follows from standard
arguments in Geometric Measure Theory. This is explained in an appendix
of [19].) The area of Σ is of course bounded above by 2pi2, the area of the
Clifford torus.
The idea is to argue that if index(Σ) ≥ 6, then the 5-dimensional canonical
family associated with Σ (see Section 3) could be slightly perturbed so to
produce a map Φ′ : I5 → Z2(S3) satisfying all assumptions of the 2pi2
Theorem plus
sup{area(Φ′(x)) : x ∈ I5} < area(Σ).
If Π′ is the homotopy class of Φ′, what we have done so far proves that
L(Π′) > 4pi. Therefore we could apply the Min-Max Theorem to Π′ in order
to find an embedded minimal surface Σ′ (with possible multiplicities) in S3
such that
area(Σ′) = L(Π′) > 4pi.
But
L(Π′) ≤ sup
x∈I5
area(Φ′(x)) < area(Σ) ≤ 2pi2.
Thus area(Σ′) < area(Σ) ≤ 2pi2.
The area of any closed minimal surface in S3 is at least 4pi, hence the
multiplicity of Σ′ must be equal to one (otherwise area(Σ′) ≥ 8pi). Since,
by Almgren [4], the only minimal surfaces of S3 with genus zero are the
great spheres, and area(Σ′) > 4pi, we get that genus(Σ′) ≥ 1. This is in
contradiction with the least-area property of Σ.
Therefore index(Σ) ≤ 5. By Urbano’s Theorem [30], Σ is the Clifford
torus up to isometries of S3.
Now, by the Min-Max Theorem applied to Π, there exists an embedded
minimal surface Σ̂ (with possible multiplicities) in S3 such that
area(Σ̂) = L(Π).
Since we already know that L(Π) > 4pi, either Σ̂ contains a component with
multiplicity greater than 1, in which case area(Σ̂) ≥ 8pi, or it has nontrivial
genus and then area(Σ̂) ≥ area(Σ). In any case we get
sup
x∈I5
area(Φ(x)) ≥ L(Π) = area(Σ̂) ≥ 2pi2.

2.2. Technical comments. At this point it is worthwhile to make some
technical comments. In reality, Almgren and Pitts work with a discretized
version of the min-max theory described above: the maps are defined on the
vertices of grids in In that become finer and finer. The notion of continuity
is replaced by the concept of fineness of a map, and appropriate discretized
notions of homotopy have to be provided. Pitts chooses to work with families
of currents that are fine in the mass norm M. The advantage of using the
M-norm in Z2(M3) is that it can easily be localized (unlike the F-metric of
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varifold convergence), making it ideal for area comparisons, cut and paste
arguments, and thus, regularity theory. The other advantage is that the
mass functional is continuous in the M-norm, as in the F-metric (but not
in the flat topology).
The disadvantage is that even the simplest family, like the 1-dimensional
family {x4 = s} in S3, is not continuous with respect to the mass norm. This
issue is addressed by discretizing the family {x4 = s}, and then interpolating,
which means adding currents to the family or grid so that it becomes fine
in the M-norm. The min-max procedure is then applied to the interpolated
family.
In [19], we deal with these technical difficulties by following Almgren-
Pitts approach. There are other treatments to min-max theory, such as
[28, 7], but those require stronger regularity assumptions and do not apply
to the families we are interested in. By discretizing and interpolating, we
prove that we can replace a map Φ defined on In, continuous in the flat
topology, by a sequence of discrete maps φi that are fine in the mass norm
and approximate Φ in the flat topology. The interpolation is carried out
in such a way that the supremum of M(φi) is not much bigger than the
supremum of M(Φ).
3. Family for the Willmore problem
Let B4 be the unit ball. For every v ∈ B4 we consider the conformal map
Fv : S
3 → S3, Fv(x) = (1− |v|
2)
|x− v|2 (x− v)− v.
Note that if v 6= 0 then Fv is a centered dilation of S3 that fixes v/|v| and
−v/|v|. To each smooth embedded closed surface Σ ⊂ S3, we associate a
canonical five-dimensional family of surfaces:
Σ(v,t) = ∂
{
x ∈ S3 : dv(x) < t
}
, (v, t) ∈ B4 × [−pi, pi].
Here dv : S
3 → S3 denotes the signed distance function to the oriented
surface Σv = Fv(Σ), which becomes well defined after we choose a unit
normal vector field N to Σ in S3. The distance is computed with respect
to the standard metric of S3. Note that Σ(v, pi) = Σ(v,−pi) = ∅ for every
v ∈ B4.
The importance of this family is described in the next theorem. A related
result appears in Proposition 1 of [24].
3.1. Theorem. We have, for every (v, t) ∈ B4 × (−pi, pi),
area
(
Σ(v,t)
) ≤ W(Σ).
Moreover, if Σ is not a geodesic sphere and
area
(
Σ(v,t)
)
=W(Σ),
then t = 0 and Σv is a minimal surface.
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Proof. Let Nv = DFv(N)/|DFv(N)| be the normal vector to Σv = Fv(Σ)
and consider the smooth map
ψ(v,t) : Σv → S3, ψ(v,t)(y) = expy(tNv(y)) = cos t y + sin tNv(y).
A calculation gives ([24]):
Jac ψ(v,t)(y) = (1 +H(v)
2)− (sin t+H(v) cos t)2 − (k1(v)− k2(v))
2
4
sin2 t,
where k1(v) and k2(v) are the principal curvatures of Σv at y, and H(v) =
k1(v)+k2(v)
2 is the mean curvature.
Hence, by the area formula and the conformal invariance of the Willmore
energy we obtain
area(Σ(v,t)) ≤ area
(
ψ(v,t)({Jac ψ(v,t)(p) ≥ 0})
)
≤
∫
{Jac ψ(v,t)≥0}
(Jac ψ(v,t)) dΣv
≤
∫
{Jac ψ(v,t)≥0}
(1 +H(v)2)− sin2 t(k1(v)− k2(v))
2
4
dΣv
≤
∫
Σ
(1 +H(v)2) dΣv =W(Σ).
If equality holds for some (v, t) ∈ B4 × (−pi, pi), we obtain from the set of
inequalities above that {Jac ψ(v,t) ≥ 0} = Σ and
sin2 t
2
∫
Σv
|A˚|2dΣv = sin
2 t
2
∫
Σ
|A˚|2dΣ = 0,
where A˚ denotes the trace-free part of the second fundamental form. This
implies the rigidity statement.

We would like to apply the min-max method to families that are homo-
topic to the 5-dimensional family
{Σ(v,t)}(v,t)∈B4×[−pi,pi],
and therefore it is important to understand its behavior as
(v, t)→ ∂ (B4 × [−pi, pi]) = S3 × [−pi, pi].
We write A(v,t) =
{
x ∈ S3 : dv(x) < t
}
, so that ∂A(v,t) = Σ(v,t), and take
the convergence with respect to the flat topology: Σn = ∂An → T = ∂U if
lim
n→∞ vol(An ∆U) = 0.
In that sense, we can compute all possible limits. We let A and A∗ denote
the disjoint connected components of S3 \ Σ = A ∪ A∗, chosen so that the
unit normal N to Σ points into A∗. For p ∈ S3 and k ∈ [−∞,+∞], we set
Qp,k = − k√1+k2 p−
1√
1+k2
N(p) ∈ S3 and rk = pi2 − arctan k ∈ [0, pi].
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3.2. Proposition. Consider a sequence (vn, tn) ∈ B4 × [−pi, pi] converging
to (v, t) ∈ B4 × [−pi, pi].
(i) If v ∈ B4 then
lim
n→∞ vol
(
A(vn,tn) ∆A(v,t)
)
= 0.
(ii) If v ∈ A then
lim
n→∞ vol
(
A(vn,tn) ∆Bpi+t(v)
)
= 0.
(iii) If v ∈ A∗ then
lim
n→∞ vol
(
A(vn,tn) ∆Bt(−v)
)
= 0.
(iv) If v = p ∈ Σ and
vn = (1−sn1)(cos(sn2)pn+sin(sn2)N(pn)), lim
n→∞
sn2
sn1
= k ∈ [−∞,+∞],
then
lim
n→∞ vol
(
A(vn,tn) ∆Brk+t(Qp,k)
)
= 0.
The proof of this proposition ([19]) follows from a careful analysis of the
effect of the conformal transformations Fv : S
3 → S3 on the surface Σ.
See that, as v ∈ B4 converges to p ∈ Σ, the geodesic sphere we get in the
limit will depend on the angle of convergence. The idea now is to fix this
failure of continuity by reparametrizing the canonical family. This is done
by “blowing-up” B
4
along the surface Σ, a procedure which we describe
now.
Let Ωε be a tubular neighborhood of radius ε (chosen to be small) around
Σ in B
4
:
Ωε = {(1− s1)(cos(s2)p+ sin(s2)N(p)) : |(s1, s2)| < ε, s1 ≥ 0}.
We take a continuous map T : B
4 → B4 such that:
• T maps B4 \ Ωε homeomorphically onto B4;
• T maps Ωε onto Σ by nearest point projection;
• the map
C(v, t) = Σ(T (v),t), (v, t) ∈ (B4 \ Ωε)× [−pi, pi],
admits a continuous extension to (B4 \ Ωε)× [−pi, pi], which we still
denote by C.
Finally we extend C to Ωε so that C is constant along the s1 direction in-
side Ωε. The resulting map C, defined on B
4× [−pi, pi], satisfies the following
properties:
(i) area(C(v, pi)) = area(C(v,−pi)) = 0 for every v ∈ B4;
(ii) C(v, t) is a geodesic sphere whenever v ∈ S3 ∪ Ωε;
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(iii) for each v ∈ S3, there exists a unique s(v) ∈ [−pi/2, pi/2] such that
C(v, s(v)) is a great sphere, i.e., such that
C(v, s(v)) = ∂Bpi/2(Q(v))
for some Q(v) ∈ S3.
If we take into account the orientation, ∂Bpi/2(p) 6= ∂Bpi/2(−p). Hence
Q(v) is also unique.
The main topological ingredient is the discovery that:
Q : S3 → S3 is a continuous map with degree equal to g.
This means that the canonical family detects the genus of Σ, and this is
what will make the min-max approach work.
3.3. Lemma. The degree of Q : S3 → S3 is equal to g.
Sketch. We will use the fact that Q is piecewise smooth. We have that
Q = −T on A∗ \ Ωε, that Q = T on A \ Ωε, and that
Q(v) = − t
ε
p−
√
ε2 − t2
ε
N(p)
for every v = cos t p+ sin tN(p) ∈ S3 ∩Ωε. Let dV denote the volume form
of S3 and ∇ the induced connection on S3.
Since T is an orientation-preserving diffeomorphism of A∗ \ Ωε onto A∗,
we get
(2)
∫
A∗\Ωε
Q
∗
(dV ) =
∫
−A∗
dV = vol(A∗).
Similarly,
(3)
∫
A\Ωε
Q
∗
(dV ) =
∫
A
dV = vol(A).
In order to compute the integral
∫
S3∩Ωε Q
∗
(dV ), we introduce the diffeo-
morphism G : Σ× [−ε, ε]→ S3 ∩ Ωε defined by
G(p, t) = cos t p+ sin tN(p).
Recall that {e1, e2, e3} ∈ TpS3 is a positive basis if {e1, e2, e3, p} is a
positive basis of R4, and {e1, e2} ∈ TpΣ is a positive basis if {e1, e2, N(p)}
is a positive basis of TpS
3. The orientation of Σ × [−ε, ε] is chosen so that
{e1, e2, ∂t} is a positive basis whenever {e1, e2} is a positive basis of TΣ. We
have
G∗(e1 ∧ e2 ∧ ∂t)|(p,0) = e1 ∧ e2 ∧N(p)
and thus G is orientation preserving.
Consider Q = Q ◦G : Σ× [−ε, ε]→ S3. Then∫
S3∩Ωε
Q
∗
(dV ) =
∫
Σ×[−ε,ε]
G∗(Q∗(dV )) =
∫
Σ×[−ε,ε]
Q∗(dV ).
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But
Q(p, t) = − t
ε
p−
√
ε2 − t2
ε
N(p).
If {e1, e2} is a positive orthonormal basis of TpΣ which diagonalizes the
second fundamental form:
∇eiN = −kiei for i = 1, 2,
we can compute
Q∗(dV )|(p,t)(e1, e2, ∂t) =
(
− t
ε
+
√
ε2 − t2
ε
k1
)(
− t
ε
+
√
ε2 − t2
ε
k2
)
(−1)√
ε2 − t2 .
The Gauss equation implies that K = 1 + k1k2, where K denotes the
Gauss curvature of Σ and so we conclude that
(4)
∫
Σ×[−ε,ε]
Q∗(dV )
= −
∫
Σ
∫ ε
−ε
1
ε2
(
k1k2
√
ε2 − t2 − (k1 + k2)t+ t
2
√
ε2 − t2
)
dt dΣ
= −pi
2
∫
Σ
(K − 1) dΣ− pi
2
∫
Σ
dΣ = −pi2χ(Σ) = pi2(2g − 2).
Finally, since vol(S3) = 2pi2 (an interesting fact!), we combine (2), (3),
and (4) to obtain∫
S3
Q
∗
(dV ) =
∫
A∗\Ωε
Q
∗
(dV ) +
∫
A\Ωε
Q
∗
(dV ) +
∫
S3∩Ωε
Q
∗
(dV )
= vol(A∗) + vol(A) +
∫
Σ×[−ε,ε]
Q∗(dV )
= 2pi2 + pi2(2g − 2) = 2pi2g = g ·
∫
S3
dV.
It follows that deg(Q) = g.

By choosing an orientation preserving homeomorphism f : I4 → B4
(hence f|∂I4 is a homeomorphism from ∂I4 onto S3), it is not difficult to
reparametrize C to get a map Φ defined on I5 with the following properties:
3.4. Theorem. Let Σ ⊂ S3 be an embedded closed surface of genus g. The
map
Φ : I5 → Z2(S3),
obtained by reparametrization of C, is continuous in the flat topology and
satisfies:
(1) Φ(x, 0) = Φ(x, 1) = 0 for any x ∈ I4,
(2) {Φ(x, t)}t∈[0,1] is the standard sweepout of S3 by oriented round spheres
centered at Q(x) ∈ S3, for any x ∈ ∂I4,
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(3) Φ(x, 1/2) = ∂Bpi/2(Q(x)), for any x ∈ ∂I4,
(4) there is no concentration of area:
lim
r→0
sup
{
area(Φ(x) ∩Br(p)) : p ∈ S3, x ∈ I5
}
= 0,
(5) sup{area(Φ(x)) : x ∈ I5} ≤ W(Σ),
(6) the center map Q : ∂I4 → S3 satisfies deg(Q) = g.
Informally, the min-max family Φ can be thought of as an element of the
relative homotopy group pi5(S,G), where S denotes the space of 2-surfaces
in S3 as before and G denotes the space of geodesic spheres.
Given a smooth, embedded, closed surface Σ ⊂ S3 with genus g ≥ 1, it
follows from the above properties that the map Φ : I5 → Z2(S3) satisfies
all the assumptions of the 2pi2 Theorem. Therefore there exists y ∈ I5 such
that area(Φ(y)) ≥ 2pi2. Since area(Φ(x)) ≤ W(Σ) for every x ∈ I5, we get
W(Σ) ≥ 2pi2. In particular this proves the Willmore conjecture.
4. Family for the Mo¨bius problem
Let γi : S
1 → R4, i = 1, 2, be a 2-component link, i.e., a pair of rectifiable
curves with γ1(S
1) ∩ γ2(S1) = ∅. After a reparametrization, we can assume
γ1 and γ2 are Lipschitz and parametrized proportionally to arc length. The
Gauss map of (γ1, γ2) in R4, denoted by g = G(γ1, γ2), is the Lipschitz map
g : S1 × S1 → S3 defined by
g(s, t) =
γ1(s)− γ2(t)
|γ1(s)− γ2(t)| .
Given v ∈ R4, we define the conformal map
Fv : R4 \ {v} → R4, Fv(x) = x− v|x− v|2 .
If v ∈ B4, we have that
Fv(S
3
1(0)) = S
3
1
1−|v|2
(c(v)) where c(v) =
v
1− |v|2 .
Given w ∈ R4 and λ ∈ R, we set Dw,λ(x) = λ(x−w) +w, where x ∈ R4.
Finally, given v ∈ B4 and z ∈ (0, 1), we also define
b(v, z) =
(2z − 1)
(1− |v|2 + z)(1− z)
and
a(v, z) = 1 + (1− |v|2)b(v, z) = 1 + (1− |v|
2)(2z − 1)
(1− |v|2 + z)(1− z) .
For each v ∈ B4 fixed, z → a(v, z) is a nondecreasing parametrization of
(0,+∞).
Suppose now that γ1(S
1) ∪ γ2(S1) ⊂ S3. The canonical five-dimensional
family of surfaces associated to (γ1, γ2) is given by
C(v, z) = g(v,z)#(S
1 × S1) ∈ Z2(S3),
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for (v, z) ∈ B4 × (0, 1), where g(v,z) : S1 × S1 → S3 is defined by
g(v,z)(s, t) =
(Fv ◦ γ1)(s)− (Dc(v),a(v,z) ◦ Fv ◦ γ2)(t)
|(Fv ◦ γ1)(s)− (Dc(v),a(v,z) ◦ Fv ◦ γ2)(t)|
.
Note that g(v,z) = G(Fv ◦ γ1, Dc(v),a(v,z) ◦ Fv ◦ γ2).
Recall that, given a Lipschitz map g : S1 × S1 → S3 (where S1 × S1 has
a chosen orientation), the current g#(S
1 × S1) ∈ Z2(S3) is defined by
g#(S
1 × S1)(φ) =
∫
S1×S1
g∗φ, φ ∈ D2(R4).
We always have
M(g#(S
1 × S1)) ≤
∫
S1×S1
|Jac g| ds dt.
Here D2(R4) denotes the space of smooth 2-forms in R4 with compact sup-
port. The mass is defined by
M(T ) = sup{T (φ) : φ ∈ D2(R4), ||φ|| ≤ 1},
where ||φ|| denotes the comass norm of φ.
Intuitively, C(v, z) is the image of the Gauss map of the link obtained by
applying the conformal transformation Fv to (γ1, γ2) and then dilating the
curve Fv ◦ γ2 with respect to the center c(v) by a factor of a(v, z). Both
curves Fv ◦ γ1 and Dc(v),a(v,z) ◦ Fv ◦ γ2 are contained in spheres centered at
c(v). Notice that g(v,1/2) = G(Fv ◦ γ1, Fv ◦ γ2), since a(v, 1/2) = 1.
The following proposition is crucial:
4.1. Proposition. For every (v, z) ∈ B4 × (0, 1), we have
area(C(v, z)) ≤ E(γ1, γ2).
Proof. The proposition follows from the estimates
|Jac g(v,z)|(s, t) ≤
|(Fv ◦ γ1)′(s)||(Dc(v),a(v,z) ◦ Fv ◦ γ2)′(t)|
|Fv ◦ γ1(s)−Dc(v),a(v,z) ◦ Fv ◦ γ2(t)|2
≤ a(v, z)|(Fv ◦ γ1)
′(s)||(Fv ◦ γ2)′(t)|
a(v, z)|Fv ◦ γ1(s)− Fv ◦ γ2(t)|2 + b(v, z)2 ,
and the fact that E(Fv ◦ γ1, Fv ◦ γ2) = E(γ1, γ2). 
Like in the Willmore problem, it is important to determine the behavior
of C(v, z) as (v, z) → ∂ (B4 × (0, 1)). Since the map C turns out to be
uniformly continuous in the flat topology, it admits an extension C : B
4 ×
[0, 1]→ Z2(S3). We can then prove:
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4.2. Proposition. There exists a constant c > 0 such that for every p ∈ S3
we have
(i) C(p, 1/2) = −lk(γ1, γ2) · ∂Bpi/2(p),
(ii) supp(C(p, z)) ⊂ Bpi/2(p) \Br(z)(p) if z ∈ [1/2, 1],
(iii) supp(C(p, z)) ⊂ Bpi/2(−p) \Bpi−r(z)(−p) if z ∈ [0, 1/2],
where
r(z) = cos−1
(
b(z)√|b(z)|2 + c2
)
∈ [0, pi] and b(z) = 2z − 1
z(1− z) .
Notice that r(0) = pi, r(1/2) = pi/2, and r(1) = 0.
Proof. Given p ∈ S3 \ (γ1(S1) ∪ γ2(S1)),
(Fp ◦ γ1, Fp ◦ γ2)
is a link in the affine hyperplane
P(p,1/2) = {x ∈ R4 : 〈x, p〉 = −1/2},
where Fp sends the exterior unit normal of S
3 into p. This implies that
suppC(p, 1/2) ⊂ G(Fp ◦ γ1, Fp ◦ γ2)(S1 × S1) ⊂ ∂Bpi/2(−p),
and so by the Constancy Theorem [27, Theorem 26.27] we have that
C(p, 1/2) = k · ∂Bpi/2(−p)
for some integer k.
Let P be the oriented hyperplane with normal vector p ∈ S3 and let ωP
be its volume form. Let ω, ωS3 , ωR4 denote, respectively, the volume form
of ∂Bpi/2(−p) ⊂ S3 (the exterior unit normal is p), S3, and R4. We also
have
∂Bpi/2(−p) = {x ∈ R4 : 〈x, p〉 = 0} ∩ S3 ⊂ P.
If g = G(γ˜1, γ˜2), γ˜i = Fp ◦ γi, then
g∗ω
(
∂
∂s
,
∂
∂t
)
= ω
(
∂g
∂s
,
∂g
∂t
)
= ωS3
(
∂g
∂s
,
∂g
∂t
, p
)
= ωR4
(
∂g
∂s
,
∂g
∂t
, p, g
)
= −ωR4
(
∂g
∂s
,
∂g
∂t
, g, p
)
= −ωP
(
∂g
∂s
,
∂g
∂t
, g
)
= −det
(
∂g
∂s
,
∂g
∂t
, g
)
=
det(γ˜′1, γ˜′2, γ˜1 − γ˜2)
|γ˜1 − γ˜2|3 ,
and so
k =
1
4pi
C(p, 1/2)(ω) =
1
4pi
∫
S1×S1
g∗ω = lk(γ˜1, γ˜2) = lk(γ1, γ2).
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By continuity of C, we also have C(p, 1/2) = −lk(γ1, γ2) · ∂Bpi/2(p) for
p ∈ γ1(S1) ∪ γ2(S1). This proves item (i).
If z = 0 or z = 1, we have C(p, z) = 0 and the proposition follows
immediately. Suppose z ∈ (0, 1) and p ∈ S3 \ (γ1(S1) ∪ γ2(S1)). Then
supp(C(p, z)) ⊂ g(p,z)(S1 × S1).
If vi ∈ B4 converges to p ∈ S3 \ (γ1(S1) ∪ γ2(S1)), then
lim
i→∞
Dc(vi),a(vi,z) ◦ Fvi(x) = limi→∞ a(vi, z)Fvi(x)− vi
a(vi, z)− 1
1− |vi|2
= Fp(x)− b(z)p.
Therefore we define the smooth map
L(p,z) : S
3 \ {p} → R4, L(p,z)(x) = Fp(x)− b(z)p,
and note that
〈L(p,z)(x), p〉 =
〈
x− p
|x− p|2 , p
〉
− b(z) = 〈x, p〉 − 1
2− 2〈x, p〉 − b(z) = −1/2− b(z).
We have
〈g(p,z), p〉 =
〈
Fp ◦ γ1 − L(p,z) ◦ γ2
|Fp ◦ γ1 − L(p,z) ◦ γ2|
, p
〉
=
〈
Fp ◦ γ1 + 12p− (L(p,z) ◦ γ2 + 12p)
|Fp ◦ γ1 − L(p,z) ◦ Fp ◦ γ2|
, p
〉
=
b(p, z)
|Fp ◦ γ1 − L(p,z) ◦ Fp ◦ γ2|
.
Hence 〈g(p,z), p〉 ≥ 0 if z ∈ [1/2, 1], and 〈g(p,z), p〉 ≤ 0 if z ∈ [0, 1/2].
Using the fact that for some constant c > 0 we have
|Fp ◦ γ1(s)− Fp ◦ γ2(t)|2 ≥ c2
for all p ∈ S3 and (s, t) ∈ S1 × S1, it follows that
|〈g(p,z)(s, t), p〉| ≤
|b(z)|√
c2 + b(z)2
.
This proves items (ii) and (iii) of the proposition for z ∈ [0, 1] and p ∈
S3 \ (γ1(S1) ∪ γ2(S1)). Since S3 \ (γ1(S1) ∪ γ2(S1)) is everywhere dense in
S3, and C : S3 × [0, 1] → Z2(S3) is continuous in the flat topology, the
proposition also holds for p ∈ γ1(S1) ∪ γ2(S1). 
Note that the boundary values of C are not necessarily round spheres, so
we cannot yet apply the 2pi2 Theorem. As we explain next, the information
given by the previous proposition is enough to find an extension of C having
that property.
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Let p ∈ S3, λ ∈ [0, pi/2]. For t ∈ [0, 1], we define a retraction map
R(p,λ,t) : Bpi/2(p) \Bλ(p)→ Bpi/2(p) \Bλ(p)
by
R(p,λ,t)(x) = expp
((
(1− t) + t λ
d(p, x)
)
exp−1p (x)
)
.
Notice that R(p,pi/2,t) : ∂Bpi/2(p) → ∂Bpi/2(p) is the identity map for every
p ∈ S3 and t ∈ [0, 1]. The R(p,λ,t) are length-decreasing maps that satisfy
• R(p,λ,0)(x) = x for all x ∈ Bpi/2(p) \Bλ(p),
• R(p,λ,1)
(
Bpi/2(p) \Bλ(p)
) ⊂ ∂Bλ(p).
We now define C˜ : B
4
2(0)× [0, 1]→ Z2(S3) by
C˜(v, t)
=

C(v, t) if v ∈ B41(0)
and t ∈ [0, 1],
R(− v|v| , pi − r(t), |v| − 1)#C( v|v| , t) if v ∈ B
4
2(0) \B41(0)
and t ∈ [0, 1/2],
R( v|v| , r(t), |v| − 1)#C( v|v| , t) if v ∈ B
4
2(0) \B41(0)
and t ∈ [1/2, 1].
If v ∈ ∂B42(0), then supp(C˜(v, t)) ⊂ ∂Br(t)( v|v|). By the Constancy Theo-
rem there exists k(v, t) ∈ Z such that
C˜(v, t) = k(v, t) · ∂Br(t)(
v
|v|).
Since C˜(v, 1/2) = −lk(γ1, γ2) · ∂Bpi/2( v|v|), it follows by continuity in the flat
topology that k(v, t) = −lk(γ1, γ2) for every v ∈ ∂B42(0) and t ∈ [0, 1].
By choosing an orientation-preserving homeomorphism f : I4 → B42(0),
we can reparametrize C˜ : B
4
2(0) × [0, 1] → Z2(S3) to get a map Φ : I5 →
Z2(S3) with the following properties.
4.3. Theorem. Let (γ1, γ2) be a 2-component link in S
3 with lk(γ1, γ2) =
−1. The map
Φ : I5 → Z2(S3),
obtained by reparametrization of C˜, is continuous in the flat topology and
satisfies the following properties:
(1) Φ(x, 0) = Φ(x, 1) = 0 for any x ∈ I4,
(2) Φ(x, t) = ∂Br(t)
(
f(x)
|f(x)|
)
for every (x, t) ∈ ∂I4 × I,
(3) Φ(x, 1/2) = ∂Bpi/2(
f(x)
|f(x)|) for any x ∈ ∂I4,
(4) there is no concentration of area:
lim
r→0
sup
{
area(Φ(x) ∩Br(p)) : p ∈ S3, x ∈ I5
}
= 0,
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(5) sup{area(Φ(x)) : x ∈ I5} ≤ E(γ1, γ2),
(6) the center map Q : ∂I4 → S3, given by Q(x) = f(x)|f(x)| , satisfies
deg(Q) = 1.
Given a link (γ1, γ2) in S
3 with lk(γ1, γ2) = −1, it follows from the above
properties that the map Φ : I5 → Z2(S3) satisfies all the assumptions of the
2pi2 Theorem. Therefore there exists y ∈ I5 such that area(Φ(y)) ≥ 2pi2.
Since area(Φ(x)) ≤ E(γ1, γ2) for every x ∈ I5, we get E(γ1, γ2) ≥ 2pi2. The
case lk(γ1, γ2) = 1 also follows by a change in orientation. In particular this
proves the Freedman-He-Wang conjecture.
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